Abstract-The 7-DOF redundant manipulator in greatly improves the obstacle/singularity avoidance capability and operational flexibility. Meanwhile, its inverse kinematics problem would be much difficult since it has an infinite number of solutions. This paper uses a new numerical sequence processing method with a closed-loop framework to solve the inverse kinematics of the 7-DOF redundant manipulator. Simulations show that this method has high commonality, no special structure of robot required, and also has improved computational efficiency and reliability.
INTRODUCTION
The pose of an end-effector of a manipulator has 6 variables, 3 related to position and 3 related to orientation. So in general, a manipulator needs at least 6 joints for flexible control of the end-effector, which is known as 6-DOF robot. Nowadays, the inverse kinematics of the 6-DOF robot is already quite mature. But the poor obstacle/singularity avoidance capability and lack of operational flexibility restrict its widespread applications.
The 7-DOF robot, the well-known redundant robot, has 7 joints to drive the end-effector. Because of the redundant DOF, it in greatly improving the obstacle/singularity avoidance capability and operational flexibility. Meanwhile, the inverse kinematics of the 7-DOF robot would be much more difficult since it has an infinite number of solutions [1] .
The existing literatures have a lot of research on the inverse kinematics of the 7-DOF redundant robot. Currently, the available methods can be divided into 3 types: 1) geometric method, 2) numerical method, 3) intelligent algorithms.
First, the geometric method is to use geometric relationships between links of the robot to get the closed/analytical form solution of the inverse kinematics. For a redundancy, i.e., 7-DOF robot, the infinite available geometric relationships makes it impossible unless specify a predefined 'redundancy ' or additional joint constraints. In general, with the specified 'redundancy ', the original maps of the inverse kinematics , , , , , , , , , f x y z . Then the optimization algorithm is applied to obtain the optimal solution of both 'redundancy ' and joint variables. For example, in [1] , an 'arm angle ' was defined for a 7-DOF manipulator with SRS configuration. In [2] and [3] , a similar 'arm angle ' was defined for a 7-DOF manipulator with offset-wrist. In [4] and [5] , the paper specify 1 , i.e., the angle of joint #1, as the 'redundancy '; then use optimization algorithm to get the optimal solutions. The geometric method has high efficiency, reliability and accuracy. But only robot with a special structure can be applied to.
Second, the numerical method is to use numerical iterative algorithm to solve the inverse kinematics. Commonly used numerical methods are the pseudo-inverseJacobi method, the gradient-projection method and the weighted-norm method, etc. These methods are simple, high commonality, no special structure required. But they have cumulative error, be sensitive to the initial values, and cannot guarantee to be able to find a feasible solution.
Third, the intelligent algorithms have numerous different forms such as Neural Networks [6] , Support Vector Machine [7] , and Particle Swarm Optimization [8] . These algorithms are usually used in the problem of inverse kinematics offline. Because they have such a large amount of computation burden that are not conducive to the online real-time implementation. Also, they have no obvious meaning in the context of inverse kinematics, no guarantee being convergent and accurate. This paper use a new numerical sequence processing method to solve the inverse kinematics of the 7-DOF robot. The new method has been introduced in the literature [9] . This method can be viewed as an improvement of the traditional Jacobi pseudo-inverse method in the context of inverse kinematics. It has all the good benefit of the numerical method, such as simple, high commonality, no special structure required, and also has improved computational efficiency and reliability.
The main contribution of this paper is: 1) propose a new approach on how to divide the input sequence; 2) apply the method to the inverse kinematics of the 7-DOF redundant robot, which is much more difficult than the 6-DOF robot; 3) compare it with the traditional Jacobi pseudo-inverse method with proper simulations, and analyze their differences.
The paper is organized as follows: Section 1 introduces the background and existing methods for the inverse kinematics of the 7-DOF redundant robot; Section 2 outlines the new numerical sequence processing method; Section 3 proposes a new approach on how to divide the input sequence, which is the homogeneous matrix of the endeffector in the context of inverse kinematics of the 7-DOF redundant robot; Section 4 is simulation, comparing it with the traditional Jacobi pseudo-inverse method and analyzing their differences; In the end, section 5 conclude the paper.
II. THE CLOSE-LOOP FRAMEWORK
Traditional sequence-driven models are always forward, no information is feedback to correct their outputs, which may deviate from the true values gradually due to the estimation error accumulating; showed as Fig. 1 .
To overcome the problem, [9] proposed a framework based on modeling closed-loop models to process multidimensional sequence. The input vector u k was divided into two parts
based on its data attribute of including redundant information. 1 u k Was used as the input sequence in forward model A to estimate ˆ1 
, K is the time variant gain. Then two models were built to construct the closed-loop framework in the state-space form, shown as Fig. 2 . In the closed-loop model, the states can be estimated online by filtering algorithms, such as UKF.
With the closed-loop framework, the estimated states cannot deviate from their true values, because the measurement is feedback to correct the estimated states in real time. Also, when the multidimensional vector u k includes redundant information, which may increase the computation complexity and decrease the model's accuracy, the closed-loop framework can reduce computation complexity and utilize the redundant information sufficiently [9] . In [9] , a simulation was applied by using the inverse kinematics of a 6-DOF robot to verify the feasibility of the proposed framework. In the simulation, a trajectory of the end-effector of Puma 560 was used as the input sequence.
UKF algorithm was applied to estimate the states of the closed-loop model. For comparison, the results by using traditional Jacobi pseudo-inverse method were divergent. However, the estimation errors by the closed-loop model were convergent to zeros. 
III. REDUNDANT MANIPULATOR INVERSE KINEMATICS
In the predefined homogeneous matrix 0 7
T of the endeffector of the 7-DOF redundant robot, only 6 out of 12 variables are independent, in which 3 variables are related to position and 3 variables are related to orientation. In [9] , there is no discussion on how to divide these redundant information. The homogeneous matrix of the endeffector 0 7 T has 9 variables related to orientation, only 3 of them being independent and 3 variables related to position all being independent. That gives us 6 redundant variables in the rotation matrix R . The rotation matrix can be constructed from rotation by an angle of about an axis in the direction of a given unit vector . Notice that 1 u and 2 u has 3 same variables related to position because no redundant information exits in homogeneous matrix related to position. In section IV, the simulation verifies this approach of dividing input multidimensional sequence u is better than [9] .
Then, 1 u is treated as the input, and 2 u as the measurement output, q as the state. The sate equation which is model A in the closed-loop framework can be constructed by Newton-Raphson method, , is generated with the function jtraj in Robotics Toolbox. The time step is 0.01s, and time length 3s. The trajectory, i.e. the vector sequence of joint variables, is defined as Q , which is input into the forward kinematics of the 7-DOF redundant robot to generate the trajectory of the end-effector. We define the trajectory of the end-effector to be . Both the new closedloop framework and the traditional Jacobi pseudo-inverse method use the trajectory of the end-effector as input to estimate the corresponding vector sequence of joint variablesQ . Then errors between Q andQ , computation time are compared.
B. Verifying The New Approach to Divide Input Sequence
To verify the new approach to divide input sequence proposed in section III, we set two schemes. Scheme I divides u into 1 1 1 1 2 2 1 2 , the same as in [9] . Scheme II divides u into , as discussed in section 3. Fig. 3 shows the results of scheme I, and Fig. 4 scheme II. The horizontal axis is number of the trajectory of the end-effector, and the vertical axis errors between Q andQ . All solutions of both scheme I and scheme II are feasible. The computation time of scheme I and scheme II are 1.67 seconds and 1.58 seconds respectively. ( 1.5) (1.6)
In Fig. 3 and Fig. 4 , errors of scheme II which is greater than 2 0 of the maximum are smaller than scheme I, which is less than 20 0 . Besides, the computation efficiency of scheme II is better than scheme I because it costs less computation time. So, new division approach is better.
C. Comparing with the Traditional Method
In the new closed-loop framework, UKF is used as the recursive algorithm to estimate the states in real time. In the traditional Jacobi pseudo-inverse method, the form of an iterative algorithm based on gradient descent method is applied, as formula (1.7). † The results of the traditional Jacobi pseudo-inverse method is shown in Fig. 5 . The errors which is less than 0.2 0 are much smaller than the new method & scheme II. However, the computation time of the traditional method is 60.46 seconds, which is much bigger than the new method & scheme II, being 1.58 seconds. Besides, 3 points in the trajectory cannot find solutions with the traditional method. So, the new method has greater computational efficiency and reliability and the traditional method more accurate. 
D. Simulation of Trajectory with Noise
In this simulation, the input sequence, i.e. the trajectory of the end-effector o the 7-DOF redundant robot, is added Gaussian noise, whose mean is 0, and variance is 0.001. Then, the traditional method and the proposed method are both used to estimate the joint variables with the input sequence, which includes Gaussian noise. The estimation errors are presented in Fig. 6 and Fig. 7 , respectively.
The computation time of the traditional method is 110.05 seconds, and the new method 1.61 seconds. 6 points in the trajectory cannot find solutions with the traditional method. Because of the Gaussian noise, the estimation errors by using the traditional method are divergent, as shown in Fig 6. However, the errors of the new method remain convergence even though they become bigger, which is less than of the maximum. 
V. CONCLUSION
In this paper, we use the closed-loop framework to solve the inverse kinematics of a 7-DOF redundant robot. The closed-loop framework has been introduced in [9] , but applying to a 6-DOF robot. The inverse kinematics of a 7-DOF robot is much harder than a 6-DOF robot. We proved that this new method is feasible to the 7-DOF robot, too. In addition, we proposed a new approach of dividing the input sequence in the context of inverse kinematics of redundant robot. We also discussed the difference between the new method and the traditional Jacobi pseudo-inverse method. The new method has greater computational efficiency and reliability and the traditional method more accurate. But when adding noise to the trajectory of the end-effector, the traditional method diverge rapidly. The new method remained convergence, only the accuracy being a little decline.
